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If the generalized dynamics of K field theories (i.e., field theories with a non- 
standard kinetic term) is taken into account, then the possibility of so-called twin-like 
models opens up, that is, of different field theories which share the same topological 
\ defect solution with the same energy density. These twin-like models were first 

^ . introduced in Phys. Rev. D82, 105006 (2010), Ref. [ll], where the authors also 

■ considered possible cosmological implications and gave a geometric characterization 

' of twin- like models. A further analysis of the twin- like models was accomplished in 

Phys. Rev. D84, 045010 (2011) , Ref. 0], with the help of the first order formalism, 
^ _ where also the case with gravitational self-interaction was considered. Here we show 

that by combining the geometric conditions of Ref. [li with the first order formalism 
, of Ql, one may easily derive a purely algebraic method to explicitly calculate an 

infinite number of twin field theories for a given theory. We determine this algebraic 
^ ■ construction for the cases of scalar field theories, supersymmetric scalar field theories, 



in 



o 



X 



and self-gravitating scalar fields. Further, we give several examples for each of these 
cases. 

PACS numbers: ll.30.Pb, 11.27.+d 

I. INTRODUCTION 



^ \ There exist wide classes of classical non-linear field theories which support topological 

defect solutions. These topological defect solutions typically have their energy densities con- 
centrated in a certain finite region of space and are stable, where their stability is related to 
topological properties of the base and target spaces. Here, a nontrivial topological structure 
in base space (e.g., an effective compactification) is usually induced by the requirement of 
finite energy. These topological defects have found applications in many fields of physics, 
and in particular may have important applications in the field of cosmology. On the one 
hand, they may be relevant for structure formation in the early universe, and for its result- 
ing evolution. Indeed, if the very early universe passed through a phase transition from a 



symmetric to a symmetry-breaking phase, then in the broken phase topological 



de 



'ects may 



have formed and influenced the distribution of matter and energy, see e.g. jsj, j4|, jsj. On the 
other hand, there exists the idea that the whole visible universe might be just a topological 
defect in some higher-dimensional bulk space, the so-called brane-world scenario. The brane 
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(i.e., our universe) in this scenario may be either strictly 3+1 dimensional ("thin brane") 
or have a small but nonzero extension also in the additional dimensions ("thick brane"). 
In the latter, thick brane case, these branes are normally topological defects in the higher- 
dimensional bulk space jsl - 11 1. In these applications, the relevant topological defects are 
usually solutions of some (effective or fundamental) scalar field theory, where the theory may 
either be of the standard type (standard kinetic term plus a potential) or of a more general 
type where the Lagrangian density may be a general function of the fields and their first 
derivatives. These generalized theories where the kinetic term does not have to be of the 
standard form (so-called K field theories) have already found some applications, beginning 
with the observation about a decade ago that they might be relevant for the solution of some 
problems in cosmology, like K-inflation 12| and K-essence 13|. Further applications of K 
fields to cosmological issues may be found, e.g., in 1^ - 2l|, whereas other, more formal or 
mathematical aspects of K field theories, like the existence of top olog ical defects with com- 
pact support (so-called compactons) have been studied, e.g., in [22] -|32|. Well-posedness 
of the K field system and the issue of signal propagation in K field backgrounds has been 
investigated, e.g., in [l6| and, recently, in [33 1. 

The larger class of models allowed by generalized K field theories introduces further scales 
into the system under consideration via additional dimensionful couplings, therefore the 
resulting topological defects are, in general, quite different from their standard counterparts, 
see e.g. |l7|, |20|, 27[. Quite recently it has been found, however, that there exists the 
possibility that a topological defect of a non-standard K field theory perfectly mimics a defect 
of a standard field theory by coinciding with the standard solution both in the profile (i.e., 
in the defect solution itself) and in the corresponding energy density l|. These coinciding 
solutions with their coinciding energy densities were dubbed twin or Doppelganger defects in 
Ref. [l|. The shape (profile) of a defect together with its energy density are the physically 
most relevant properties of a defect in a cosmological setting, therefore the possibility of 
these twins implies that, e.g., the influence of a pattern of K defects on the evolution of 
the universe could be mimicked by its standard twin, or vice versa. More generally, all 
measurable physical properties which are determined by the field profile and the energy 
density are indistinguishable between the K field theory and its standard twin. A more 
refined analysis shows, however, that there remain some differences between two twin-like 
models. The spectrum of linear fluctuations about the K field theory and its standard twin, 
for instance, are in general different j2|. The authors of discussed the example of 
a Dirac-Born-Infeld (DBI) type twin of a standard field theory in some detail, motivated 
by string theory considerations. They also gave a geometric characterization which possible 
twins of a standard theory have to obey and concluded from these that there exist, in general, 
infinitely many K field twin models for a given standard scalar field theory. The study of 
twin-like models was carried further in Ref. j2|, where the authors employed the first order 
formalism in their analysis. They also considered the case with gravitational backreaction 
in 4+1 dimensions, where their results are of direct relevance for the brane world scenario. 
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Further, they gave exphcit examples of all cases they considered. 

It is the purpose of the present acticle to derive a purely algebraic method for the con- 
struction of K field twins of a given scalar field theory which does not require knowledge of 
either the defect solution or its energy density. This algebraic construction may be found by 
combining the geometric characterization of twins of Ref. [l| with the first order formalism 
of and allows to explicitly calculate an infinite number of twin field theories for any given 
scalar field theory. 

Our paper is organized as follows. In section II we briefly review the first order formalism 
and the geometric characterization of twins. Then we explain the algebraic construction of 
twin models and give several explicit examples among which the examples of Refs. [l| and ^ 
can be found. We also briefly discuss stability issues (energy positivity and the null energy 
condition (NEC)). In Section III we repeat the same analysis for supersymmetric K field 
twins of supersymmetric scalar field theories. Here, one important pillar of the construction 
is, of course, the fact that supersymmetric K field theories exist at all, which has been 
demonstrated recently 3^, 35], |36| (for supersymmetric K field theories in 3+1 dimensions 



see 



371], 38|). Defects of supersymmetric theories may be of cosmological relevance if the 



formation of these defects occurs at time or energy scales when supersymmetry is still 
unbroken. In section IV we consider the case of a self-gravitating scalar field in arbitrary 
dimensions, where the defects are of the wall type (i.e., still co-dimension one defects, like in 
the previous sections). We again derive the purely algebraic construction of K field twins of 
a self-gravitating standard field theory with topological defect solutions and provide several 
examples. In 3+1 dimensions these are just the defect solutions which are required for 
cosmological considerations, but now with the gravitational backreaction taken into account. 
In 4+1 dimensions the defects are the ones relevant for the brane world picture, where we 
also rederive the example already given in Q . Section V contains a discussion of our results. 



II. TWIN-LIKE MODELS 
A. Generalized K fields and first order formalism 



The first order formalism for generalized K fields has been developed, e.g., in 2Qj, to 
which we refer for a more detailed discussion. Here we just review those aspects which 
we shall need in the subsequent discussion. For a general Lagrangian C{X, 0) where X = 
^d^cpd'^cj) = |(0^ — 0'^), the energy momentum tensor reads 

T^Lu = C^xdf,4>du(p - Qf.u'C (1) 

and the Euler-Lagrange equation is 

d^{C,xd^<l)) - £ ^ = (2) 
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For static configurations = (f){x), cj)' = (9^0, the nonzero components of tlie energy momen- 
tum tensor are 

Too = S = -C (3) 
Tn = V = £,x0" + C (4) 

wfiere S is tlie energy density and V is tlie pressure. Tlie static Euler-Lagrange equation 
reads 

(£,x0')' + C^ = (5) 
and, after multiplication with 0', may be integrated once to give 

- 2XC,x + C = (f)'^C^x + C = V = c (6) 

where c is an integration constant. For our purposes the only acceptable value of this 
constant is zero for the following reason. All the models we shall consider will have one or 
several (constant) vacuum values = 0oi, i = l,...,n, where the energy density takes its 
minimum value, and this minimum value is equal to zero (this may always be achieved by 
adding a constant to the Lagrangian). Further, static finite energy solutions (kinks) have 
to approach vacuum values for |x| — )■ oo, which implies that for these finite energy solutions 
c in the above equation must be zero in the same limits. But c is a constant, so it is zero 
everywhere. Therefore, the once integrated field equation for static fields (or zero pressure 
condition) in our case reads (0'^ = —2X) 

- 2XC,x + C = 0. (7) 

Eq. (I7l) is a nonlinear first order ODE, but sometimes it is preferable to view it just as an 
algebraic equation for 0' with one or several (A^) pairs of roots 

(0O' = /i(0)' ^ 0: = ±/,(0), z = l...Ar (8) 

as solutions. A kink solution will, in general, be the solution to one of these roots (when 
viewed as a first order ODE), or it may even be the result of joining different solutions in a 
smooth way. 

It is one of the virtues of the first order formalism that the knowledge of the roots ([8]) 
together with the asymptotic values (i.e., vacuum values) (j)± = 0fc(±oo) of the kink solution 
4>k{x) is sufficient for the calculation of the kink energy, i.e., one does not need the explicit 
solution 0fc(x). The important point is that with the help of the corresponding root, the 
energy density of a kink may be viewed as a function of either only or only 0'. This 
allows one to separate a factor 0' from the energy density which, together with the base 
space differential dx in the energy functional, may be traded for a target space differential 
according to d(f) = dxcj)' . The remainder must, of course, be interpreted as a function of 
only. Explicitly, the energy reads 

/oo /"OO /'(/>(oo) 

dx£= I dx(f)'W,^= / d0iy,0 = iy(0(oo)) - iy(0(-oo)) (9) 
-oo J —oo J <f>{—oo) 
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where W^^ (and its integral W{(f>)) must be interpreted as a function of only, which 
results upon replacing 0' by its corresponding root /j(0) in the above expression. 
For theories with a standard kinetic term X and a potential V{(f)), 

Cs=X-V, (10) 

the integrated static field equation simply is 

-X -V = (j)'"^ = 2V (11) 

with the two roots 0' = ±\/2V. If the potential V has at least two vacua (which we 
assume from now on), then there will exist, in general, finite energy solutions of Eq. f lTTj) 
which interpolate between different vacua (kinks), and the two roots correspond to kink and 
antikink, respectively. The static energy density for the standard theory is 

S, = -X + V = ^0'2 + V (12) 

and for a kink solution it may be written as 

£sU, = i-X + V)U, = 2VM = -2X|^, (13) 

where 0fc(x) is the kink solution under consideration, and the notation |^^. means that the 
expression (in general, a function of and 0'), is evaluated at the kink solution = 0fc(x). 
Finally, the energy of a kink in this standard case simply is 

da;0'2 = / d00' = / d0(±vW) = ±[Wv{<p{oo)) - l^y(0(-oo))] (14) 

-oo J 0(— oo) J (/>(— oo) 

where 

Wv,^ = VW (15) 

and the explicit expression for Wy depends, of course, on V . The two signs correspond to 
kink and antikink, respectively. 



B. Twin or doppelgaenger defects 

In [l| the authors observed the possibility of twin-like models within the class of gener- 
alized K field theories, that is, of field theories which share the same kink solution with the 
same energy density with a given standard field theory. They discussed a Dirac-Born-Infeld 
(DBI) like example in some detail where, however, the DBI term is multiplied by a target 
space geometric factor, because a pure DBI theory cannot be the twin of a standard field 
theory. Then they derived a necessary and sufficient geometrical condition which a second 
field theory £2 has to obey in order to be the twin of a given field theory Ci. From their 
geometric description they already concluded that there exist, in principle, infinitely many 
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twin theories for a given standard scalar field theory. We shall review this geometric con- 
struction in a first step, because we will find that combining it with the first order formalism 
provides us with a simple and purely algebraic method to explicitly calculate an infinite 
number of twin models for any given field theory. The authors of l| demonstrated that if 
the theory Ci has a kink solution with energy density Sk{x), then a necessary and 

sufficient condition for a second theory £2 to have the same kink solution with the same 
energy density is that both £ and C^x agree when evaluated for the kink solution, that is. 



Obviously, the first condition implies that the energy densities are equal, see Eq. (|3]). 
Further, the first order equation Eq. ([7]) holds for £1 by assumption, then the two conditions 
( IT6l) and ( IT71) imply that Eq. ((Tj) is an identity for £2- It follows that the two conditions 
( IT6l) and ( ITTll are sufficient for £2 to be a twin of £1. That the two conditions are necessary 
follows easily from the fact that the two equations (|3]) and ([7]) are linear in £ and Cx- 

From what has been said above, it might appear that for the explicit construction of a 
twin model £2 for a given theory £1 it is necessary to know an explicit kink solution 0^ 
of the theory £1, and to use this kink in the evaluation of possible twin models £2, which 
would render calculations rather cumbersome. But this is, in fact, not true. The important 
point is that the lagrangian densities are functions of the target space variables (p aiid (j)' 
only, therefore it is sufficient to implement the root (p' = ±fi{(j)) which leads to the kink (or 
antikink) solution under consideration. Further, we shall use the fact that all lagrangians 
we consider depend on 0' only via X = — (for static configurations), so that the above 
conditions transform into 



where /j(0) is a known root of the theory £1 leading to a kink solution. The above 
conditions are purely algebraic conditions in the target space variables and X and do not 
involve the base space variable x or explicit knowledge of a kink solution (f)k{x) at all. 

Up to now we allowed for completely general lagrangians £1 and £2 to emphasize the 
general character of the procedure. Now, however, we will concentrate on the case of a 
standard lagrangian Ci = Cg = X — V for concreteness, so the problem consists in finding 
possible twins to standard scalar field theories. Here V{(f)) is a positive semi-definite potential 
with at least two vacua (zeros) such that kink solutions exist. The two roots for kink and 
antikink may be combined into X = —V, and the above conditions read (we write £ for £2) 



(16) 
(17) 




£2|2X=-/2 
^2,x\2X=-fi 



(18) 
(19) 



C\x=~v 
^,x\x=-v 



1. 



-2V 



(20) 
(21) 
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Again, these two conditions are purely algebraic and allow an easy calculation of twin models, 
as we shall see in the next section. 

C. Examples of twin models 

As a first class of twin models let us consider the class of Lagrangians 

K 

C = J2M)X'-Ui<P) (22) 

k=l 

where the kinetic terms X'^ are multiplied by functions of in a sigma-model like fashion. 
Here, the condition 

K 

Cx\x=-v = Y,khm-Vf-' = 1 (23) 

k=l 

imposes one condition on the functions fk{4')- One may, for instance, choose arbitrary 
for k > 2, then the above condition determines /i in terms of the remaining fk and V. We 
remark that it is not possible to choose all fk constant, but if at least one fk has a nontrivial 
dependence then the above condition can always be fulfilled. The second condition 

K 

C\x=-v = $^/.(0)(-l^)' - U{<P) ^ -2V{<P), (24) 

k=l 

in turn, determines U{(f)) in terms of the fk and V. 

One question to ask is whether the resulting twin models constitute viable field theories 
on their own, that is, whether they obey certain stability requirements like energy positivity 
or the null energy condition (NEC). Here we shall mainly be concerned with the NEC, 
because i) it is deemed sufficient for stability, ii) it is weaker than the condition of positivity 
of the energy density and iii) it is easier to implement for the class of models we study in 
this paper. The NEC in general is the condition that 

n^n^Tf,^ > (25) 

where T^^ is the energy-momentum tensor and n'^ is an arbitrary null vector. For the class 
of models £(X, 0) the NEC simply reads 

C,x > 0. (26) 

It is, in general, not completely trivial to reconcile the NEC with the two twin conditions 
f l2^ and i^^, but it is easy to find certain special classes of models where the NEC holds 
by construction. 

A first class of models which obeys both the NEC and the condition f l23|) by construction 
is given by field theories which obey 

Cx = Kf{<P){X + V)''-' + l (27) 
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where / is an arbitrary, positive semi-definite function /(0) > and K is an odd integer. 
Tlie resulting Lagrangian (i.e., X integral) is 

C = fmX + Vf + X-U{ct)) (28) 

(where the integration "constant" t/(0) is an arbitrary function of 0), and the second twin 
condition (!24l) requires tf = V such that the class of twin Lagrangians reads 

C = fmX + Vf + X-V , K = 3,5,... (29) 

As a concrete example, we may e.g. choose / = 1 and K = 3 which results in the Lagrangian 

£ = \x^ + VX^ + {V^ + 1)X + \v'^-V (30) 

which shares both the kink solution 0' = ±\/2V and the corresponding energy density with 
the standard scalar model Cg = X — V . A second class of twin models obeying the NEC 
may be constructed from the equation 

£x = /^-^(X + \/ + /)^-i (31) 

(where / = /(0) > 0, and K is an odd integer) with Lagrangian 

C = ^!——{X + V + ff -U. (32) 
K 

Here the second twin condition leads to U = IV + {f / K) and, therefore, to the Lagrangian 

C = ^{X + V + f)''-2V-^. (33) 

Next, let us describe another class of examples of twin models, different from the power 
expansion in X of Eq. fl22|) . We start from the ansatz 

C = f{mX) - U{<P) (34) 

and calculate 

Cx = f{<P)9\X) (35) 

and the NEC leads to the conditions 

/>0, g'>Q. (36) 

Further, the two twin conditions lead to /(0) = {g\-V))-^ and U = 2V + {g{~V)/g'{-V)) 
and, therefore, to the Lagrangian 

_ g{X) g{-V) 
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Among this class we may easily recover the DBI type example originally presented and 
discussed in Indeed, choosing for the kinetic function g{X) the DBI type expression 

g{X) = -V1-2X (38) 

we calculate 

g'(X) = ^=L=, fi<P) = VT+2V, U = 2V-il + 2V) = -l (39) 

and the resulting Lagrangian is 

C = -Vl + 2yVl-2X + 1. (40) 

It is obvious from the derivation that the nontrivial target space geometry factor = 
is necessary for this DBI type action to be the twin of a standard scalar field 
theory, as announced above. 



III. SUPERSYMMETRIC TWIN MODELS 

To begin with, let us remind that a standard scalar field theory Cg = X — V with a 
positive semi-definite potential V > may always be viewed as the purely bosonic sector of 
a supersymmetric scalar field theory. Indeed, before the elimination of the auxiliary field F 
the bosonic sector of the supersymmetric standard scalar field theory reads 

C, = ^{d,<j>d>^<j> + F')-FP'M (41) 

where Ps{(p) is the prepotential (also sometimes called superpotential) of the standard SUSY 
scalar field theory. Elimination of the auxiliary field F with the help of its algebraic field 
equation F = leads to the lagrangian 

= ^-d,<l^d^<f> - ipf (42) 
which is just the standard scalar field lagrangian with the identification 

V = ^Pf > 0. (43) 

This observation leads to the obvious question whether there exist supersymmetric K field 
theory twins for the supersymmetric standard field theories. For this purpose, in a first 
instance we have to know whether there exist supersymmetric scalar K field theories at all. 
The answer is that these supersymmetric K theories do exist. Some classes of examples 



have been introduced and studied in [3J], |35| (these theories exist both in 1+1 and in 2+1 



dimensional Minkowski space, due to the similar spin structure in the two spaces), and we 
shall use some of these examples for the construction of our supersymmetric K field twins. In 
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34l | a class of supersymmetric models was introduced such that their purely bosonic sector 



before the elimination of the auxiliary field reads 

N 

= J2MMd'^d,<P)' + {-1)''-'F''] - P\<P)F. (44) 

k=l 

Next, the auxiliary field F should be eliminated via its algebraic field equation 

N 

^(-l)'^-i2A;afcF2'=-i - P'(0) = (45) 

k=l 

which in general is, however, a rather complicated algebraic equation for F. As no assump- 
tion was made yet about the functional dependence of P, this equation may be understood 
in a second, equivalent way: one assumes that F is an arbitrary given function of (p, which 
in turn determines the prepotential P{4>)- This second way of interpreting Eq. (H5l) is more 
useful for our purposes. Eliminating the resulting P'(0) we arrive at the Lagrangian density 

N 

= ^a,(0)[(9>a^0)^ - {-l)'-\2k - 1)F''] (46) 

k=l 

where now F = F{(j)) is a given function of which may be chosen freely depending on 
the theory or physical problem under consideration. This class of lagrangians is exactly of 
the type f l22|) . therefore the conditions for being the twin of a standard theory are exactly 
analogous to the conditions and (l23l) . The restrictions implied by supersymmetry (i.e., 
the requirement to express the "potential function " U{(j)) in Eq. ( I22l) in terms of F{(f))), 
nevertheless, impose some additional restrictions, as we want to show now. Indeed, the 
second twin condition L^x\2X=-Fi ~ ^ leads to 

J2^ka,{-F!)'-' = 1, (47) 

where we introduced the function Fg^cp) of the standard SUSY theory, i.e., the auxiliary field 
F of the standard theory evaluated at its field equation via 

2V(0) = P;2(0)=F,2(0) (48) 

for convenience. The first twin condition L\2x=-f^ = ~Fs then leads to 

L\,x=-Fi = Y.^k{{-Fft-{-lf-\2k-l)F'^) 

k 

= ^(^k{{-F^,f - {-F'^f - 2kF\-F^)''-') 



k 

-F? 



where we used ( 1471) in the last step. This condition is solved by 

F = ±F.. (49) 
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As we shall see in a concrete example below, this is typically the only acceptable solution, 
therefore supersymmetry seems to imply the additional relation F = Fs for the algebraic 
solutions of the auxiliary fields of standard and K field twin theories. 

Again, the NEC is not automatic in these theories, but a more specific class of examples 
which obeys the NEC by construction may be given, analogous to the last subsection. 
Concretely, we give some examples starting from the X derivative 

£,x = 2K{2X + 2V)^-^ + 1 (50) 

we write 2X instead of X in order to be as close as possible to the notation used in Ref. 



34 



and in Eq. ( H6|) : K is an odd integer). The resulting Lagrangian is 

C= {2X + 2V)^ + X -U{(j)) (51) 

and obeys the NEC and the twin condition C^x\x=-v = 1 by construction. 

For a more concrete example, let us now assume K = 3 which leads to the Lagrangian 

C = (2X)3 + 6V{2Xf + {12V^ + ^)(2X) + 8V^ - U (52) 

and therefore to 

= 1 , a2 = QV , ai = 12V^ + - (53) 

and to the Lagrangian 

£ = {2Xf - 5F^ + 6V{{2Xf + 3F^) + {12V^ + ^)(2X - F^) (54) 

which explicitly is of the form f H6|) (we replaced the arbitrary integration "constant" U{4>) 
by the required F terms). Now the second twin condition C\x=-v = —2V leads to 

5F^ - 18VF^ + {12V^ + ^)F^ + SV^ - V = (55) 

which may be viewed as a third order algebraic equation for F^. The only acceptable (i.e., 
real and positive) solution is 

F^ = 2V = F^ (56) 

and leads to the Lagrangian 

£ = {2Xf - AOV^ + QV{{2Xf + 12V^) + {12V^ + ^){2X - 2V) (57) 

which is the desired supersymmetric twin of the standard Lagrangian. As already remarked 
for the more general class of examples above, it holds that also the (algebraic) field equations 
for the auxiliary fields coincide, see Eq. ( 149|) . This equality is not a further condition, but 
a consequence of the twin conditions and supersymmetry. 
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Another class of supersymmetric theories has the following purely bosonic sector (before 
the elimination of the auxiliary field F) 35 1 



£ = g{<l>)f{X){F' + 2X')-P'{<P)F 



(58) 



where / and g are arbitrary, fixed functions of their arguments and for the moment we just 
assume g > 0. The algebraic field equation for the auxiliary field F has the solution 



P' 
2^ 



(59) 



and leads to the Lagrangian 



C = 2Xgf- — ^2g{xf 



where 



4^/ 



f 



P 



/2 



8g 



2 ■ 



The X derivative of this lagrangian is 



X 



C^ = 2g[f + Xlx + h^ 



A sufficient condition for the NEC consists in the following inequalities 

f + Xlx>0, f,x>0 



(60) 



(61) 



(62) 



(63) 



but we have not been able to find a function / which obeys these inequalities. There exists, 
however, another possiblity to obey the NEC, and for this possibility we found solutions. 
Concretely, assume that 

f + Xfx>l 



and that further 



and 



X 



P 



< 1 



h<l 

then the NEC holds. A specific function / obeying these conditions is 

f = l+X^ 

which indeed leads to 



/ + X/,x = 1 + 3X2 >1 



f.. 



X 



P 



21X1 



:i+x2)2 



< 1. 



(64) 
(65) 

(66) 
(67) 

(68) 
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We will study this explicit example in what follows. We remark that, as we shall see, the 
condition h < 1 leads to restrictions on possible potentials V, so if we insist on the NEC 
we may construct twins of the type considered here only for standard theories with certain 
potentials. For the specific choice / = 1 + the lagrangian and its X derivative read 

C = 2g(x + X' - (69) 



1+X2 

= 2g(^l + 3X' + hj^f^^ . (70) 
The twin condition jC^x\x=-v = 1 leads to the equation 

-^(— ^) 

and the second twin condition C\x=-v = —2V leads, together with Eq. f lTT]) . to the solution 

i = l + (72) 

which, in turn, leads to 

h = Vil + (73) 

Now, the NEC requires h < 1 which obviously restricts possible potentials V. An example 
of a potential which is compatible with this condition is 

V = iii^ (74) 

as may be checked easily. Further, this potential has the same vacuum structure as the 
standard 0^ potential V = (1/2) (1 — 0^)^, so it will lead to similar kink solutions. 

We want to end this section with the remark that the auxiliary field F, when evaluated 
at the kink equation X = —V, again coincides with the auxiliary field of the standard 
supersymmetric theory = 2V. Indeed, from Eq. ( 159|) we infer that 



2h 



fP P 



(75) 



which depends both on and on X. But evaluating it for the kink equation leads to 
f\x=-v = 1 + V^, which together with the solution h = V{1 + V'^Y J^st leads to 

^ \X=-V- ^i^y2^2 =^s m 

which is, again, identical to the field equation of the auxihary field for the standard super- 
symmetric scalar field theory. 
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IV. SELF-GRAVITATING TWINS 

Here we want to study the existence of twins of the standard scalar field theory fully 
coupled to gravity, that is, K field theories which give rise to exactly the same defect solution, 
energy density, and induced metric than the standard scalar field theory with self-gravitation 
fully taken into account. We shall find that the situation is completely equivalent to the 
Minkowski space case in that, again, there exist two purely algebraic "twin conditions" 
which allow to calculate twins of self-gravitating standard scalar field theories. The only 
differences will be that i) the "on-shell" condition for a defect is no longer X = —V but, 
instead, X = —{1/2)W^^'^, where the relation between W and V is slightly more complicated 
than in the flat space case; and ii) the "on-shell" value which the Lagrangian has to take will 
be different, as well, i.e., C\x=-(i/2)w = '~^,<j)^ + CdW^ instead of C\x=-v = —21^ (here 
Cd is a numerical coefficient which depends on the dimension d of space-time; in principle, it 
also depends on the gravitational constant k and vanishes in the limit k — )■ 0, but we shall 
choose units such that k = 1 in the following). 

Before starting the detailed calculations, some remarks are in order. The topological 
defect solution in fiat Minkowski space may be either viewed as a kink solution in 1-1-1 
dimensions or as a co-dimension one domain wall solution in higher dimensions. Both the 
defect solution and its energy density per length unit in the direction perpendicular to the 
wall do not depend on the dimension. This is no longer true once the gravitational self- 
interaction is taken into account. In 1-1-1 dimensions there is no gravitational interaction, 
because the Einstein tensor is identically zero, and for higher dimensions d > 2 the Einstein 
equations depend on the dimension d, therefore also the self-gravitating defect solutions will 
depend on d. Here we shall discuss the case for general d, but probably the two cases d = 4 
and d = 5 are the most interesting ones, ci = 4 is the dimension of our universe, at least 
at a macroscopic scale, so the resulting defects of the standard theory and its twins may 
be viewed just as domain walls in the universe. The case d = 5 is especially interesting 
in relation to the braneworld scenario, where our universe is identified with the domain 
wall, and the direction perpendicular to the domain wall is identified with a fifth direction 
or coordinate which is invisible due to the resulting warped geometry in five dimensions, 
which essentially confines all physics to the three dimensional domain wall or brane (four 
dimensional brane world hypersurface) . As already stated, the d = 5 case was studied in 
[2I, and we shall build on the results of that paper. Another remark concerns the possibility 
in fiat space to express the linear energy density of a defect solution with the help of the 
integrating function W as S = 0W,</,. Using the static field equation for a defect (171), this 
relation may be re-expressed like 

£ = -C = (j)'^C,x = (l)'W,^ (j)'Cx = W,^ (77) 

and this last form is the most useful one for our purposes, because it may be generalized 
directly to the case with gravity, as we shall see below. 
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If the Einstein-Hilbert action is normalized as 



Seu = IJ d'^x^lTZ (78) 

(where g is the determinant of the metric gMN, M, N = 0, . . . ,d — 1, TZ is the curvature 
scalar, and k, — AnG where G is Newton's constant), then the Einstein equation is 

Gmn — '^K'Tmn (79) 

where 

TmN = 'VM(j)^N(j)C,X - gMNjC (80) 

is the energy-momentum tensor. Further, Vm is the covariant derivative, and 

X = 1vm</>V^^V- (81) 
We shall choose length units such that n — l, therefore the Einstein equation we use reads 

Gmn = 2,Tmn- (82) 
For the self-gravitating defect solution we use the ansatz for the metric 

^ e^A^y^^.dx^dx'' - dy" (83) 

where — {x'^, y),y is the coordinate for the direction perpendicular to the domain wall (or 
brane), and 77^,^ = diag(-|-, — ...,—) is the Minkowski metric in d— 1 dimensions. Further, we 
assume that = (j){y) only depends on the y coordinate. With this ansatz, the expression for 
X reduces to the same expression like in the flat space case, X — — (l/2)(9y0)^ = —(1/2)0'^. 

The Einstein equations for this ansatz reduce to two independent equations for A{y) and 
(f){y), and they depend on the dimensions d of space-time. Explicitly, they read 



(d-l)(d-2) 



2 

which may be resolved for A"^ and A' ^ 



A^ = -4X>C,x + 2>C (85) 



(I3T^(^-2^Ax). (87) 

The field equation for the scalar field is not an independent equation, but rather a con- 
sequence of the Einstein equations therefore we do not display it here. The first order 
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formalism for static domain walls now consists in introducin g a n integrating function or 



superpotential W = W{(f)) proportional to -A' (39|], j40|, j4l|, [20|], [2|]. The right choice is 



and inserting it into Eq. fl86|) leads to 

^" = = W,^ = <P'Cx (89) 

exactly as in the flat space case. In order to find the twin conditions which twin models of the 
standard Lagrangian = X — V should obey, we first have to solve the Einstein equations 
for the standard Lagrangian. Obviously, the first integral for the standard Lagrangian is 

<I>' = W,^ ^ X = -^W/ (90) 

just like in the fiat space case. This implies that the first twin condition for a K field 
lagrangian is just >C,xU=-(i/2)vk^2 = 1, in close analogy to the fiat space case (although it 
IS no longer true that {1/2)W/ = V, as we shall see in a moment). In order to find the 
relation between V and W we just insert the standard Lagrangian, the ansatz for A' and the 
first integral for the standard Lagrangian into the second Einstein equation fl87|) and find 



We remark that the first, W^^ term is exactly like in the fiat space case, whereas the second, 
W term is the correction due to gravity and depends on the dimension d. Inserting this 
result back into Cg leads to 

Cs\x=-ii/2)w,,^ = -W/ + (93) 

and the resulting twin conditions for a general Lagrangian C to be the twin of a standard 
Lagrangian Cg = X — V are therefore 

^,xU=-{l/2)H/,^2 = 1 (94) 

C\x=-ii/2)w,,^ = -W/ + (95) 

where the relation between the integrating function W and the potential V is given in (!92l) . 
These relations are, again, purely algebraic and do not require the explicit knowledge of a 
defect solution. 

We remark that solving Eq. ( !92|) for a given potential V is, in general, quite difficult. 
It is simpler to choose an integrating function (or superpotential) W and determine the 



17 



resulting potential V. In addition, by choosing an adequate W, it is also easy to assure that 
the simple equation 0' = ±W^(f, does support topological defect solutions. 

Finally, let us present some explicit examples. As a first example, we choose the La- 
grangian f l28|) of Section 2, but with V replaced by \W^^^ (where /(0) is an arbitrary, 
nonnegative function), 

£ = /(0)(X + ^iy/)^ + X-t/(0) 

which, by construction, obeys both the NEC and the twin condition (IMI) . The second twin 
condition (195!) determines U to be 

U = \w/ - ^ V, (96) 

just like in the case without gravity. 

For a second class of examples, we use the ansatz (as in Section 2) 

C = f{<f>)g{X)-U{<P). (97) 

The first twin condition leads to 

^(*) - ,-(-(l/2)HV) 



and the second twin condition (195!) results in 

9i-i 

g'{-{l/2)W,^^) d-2 



, , , o(-(l/2)iy/) d-\ ^ 

f/(0) = + ,;,o,u; 2. - :r^^ (99) 



For the specific, DBI type example giX^ = —y/T—2X we, therefore, get the Lagrangian 



C = -^l + W,^Wl-2X + 1 + -^W^ (100) 

which, for c? = 5, precisely coincides with the example presented in |2j]. We remark that 
for the case with selfgravitation the authors of ^ use the definition W^^j, = ^(j)'C^x for the 
integrating function (or superpotential) W, which differs by a factor two from the definition 
W^tf, = (p'C^x employed here (but also in Ref. ^ for the case without gravity). 



V. DISCUSSION 

In this article, we have derived a simple and purely algebraic method for the construction 
of K field twins of a standard scalar field theory, that is, of K field models which share 
the same topological defect with the same energy density with a given standard scalar field 
theory. This method may be derived for the cases of non-supersymmetric field theories, su- 
persymmetric field theories and for self-gravitating fields. Further, we gave several examples 
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for all these cases. The interest of these twin models lies in the fact that the field profile 
together with the energy density are the most relevant physical data of a defect which makes 
the twins almost indistinguishable from their standard counterparts in many situations. A 
pattern of defects in the very early universe will look the same irrespective of whether it 
is formed by defects of a standard theory or of a K field twin. The spectrum of linear 
fluctuations, on the other hand, is in general different between the standard theory and its 
twins Q. a. so small differences will set in once dynamics (i.e., time dependence) is taken 
into account. A similar question is related to the behaviour of additional matter fields (e.g., 
fermion fields) coupled to twin defects. In the non-supersymmetric case there exist differ- 
ent possibilities to couple fermions to each field theory, therefore general statements cannot 
be made. The situation is different, however, for supersymmetric (SUSY) K field twins of 
standard SUSY scalar field theories. Here, the first important piece of information is, of 



course, the existence of SUSY K field theories [3J] - |38|. We want to point out again that 
defects of supersymmetric theories are the relevant ones to study if the symmetry breaking 
and the subsequent defect formation in the early universe occur at an energy scale where 
supersymmetry is still intact (e.g., at the end of inflation). For supersymmetric twins of the 
standard supersymmetric scalar field theories, it is interesting to observe that these SUSY 
twin models not only share the defect solution and its energy density with the standard 
theory. Also the (algebraic) field equation for the auxiliary field in the kink background is 
identical for the standard theory and the twin. Another interesting problem of these SUSY 
theories concerns, of course, the inclusion of fermions which we have set equal to zero in 
our discussion. In general, the fermionic sectors of the standard theory and the twin will 
be different, like the bosonic sectors. Standard and twin theory will, however, share some 
common features in the fermionic sector, too. They will, e.g., share the same fermionic zero 
mode in the background of the same kink solution. This is a consequence of translational 
invariance, on the one hand, which implies that both theories in the kink background have 
the same bosonic zero mode (or Goldstone mode) equal to the derivative of the kink. The 
second ingredient is, of course, supersymmetry, which guarantees that each bosonic Gold- 
stone mode is paired by a fermionic zero mode which is, again, equal to the derivative of 
the kink field. 

A final issue is the existence of twin models when the gravitational backreaction is taken 
into account, i.e., of twin defects sharing the same field profile, energy density and induced 
metric. Already for defect structures in cosmology (i.e., in the early universe) the full self- 
gravitating case should, in principle, be taken into account, although in many circumstances 
a Minkowski space calculation is sufficient. In the brane world scenario taking into account 
the full self-gravitating solution is mandatory. We found that, again, there exists a simple 
algebraic method to calculate infinitely many K field twins of a standard self-gravitating 
scalar field theory and gave several examples. We emphasize that for the 4+1 dimensional 
case relevant for the brane world scenario an example of a self-gravitating twin has already 
been given in with the help of the first order formalism. 
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It was the main aim of the present article to shed more hght on the existence of K field 
twin defects and the mathematical structures behind them, on the one hand, and to provide 
a simple calculational tool for the construction and study of twin-like models, on the other 
hand. We want to point out that, whenever K field theories cannot be excluded on purely 
theoretical grounds, they have to be considered on a par with the standard field theories 
as an immediate consequence of the existence of twin defects, because for twin-like models 
their most relevant physical manifestations are completely indistinguishable. This is the 
case, e.g., for effective field theories resulting from the integration of UV degrees of freedom, 
where higher kinetic terms are naturally induced. 
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